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The dynamics of a tank partially filled with a liquid having a free surface is investigated.
In the analysis, the effect of free surface waves is taken into account, so that both bulging
and sloshing modes are studied. The structure is completely flexible, and is composed of
a vertically standing circular cylindrical shell, with ring-stiffeners, and a flexible bottom that
consists of a circular plate generally resting on an elastic Winkler foundation. The plate
edge is joined to the shell by coupling rotational springs distributed around the edge. The
interaction between the plate and the shell via the fluid is included. Application to the
particular cases of (i) a flexible shell with a rigid bottom and (ii) a flexible bottom plate
with a rigid cylinder are also presented, as well as a comparison with approximate theories.
Ring-stiffeners on the shell are also considered in order to investigate their influence on the
modal behaviour of the tank. Solution of this problem is achieved via the method of
artificial springs within the framework of the Rayleigh–Ritz theory, while considering
strong fluid–structure interaction.
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1. INTRODUCTION

The safety of tanks is a problem that has interested many investigators in the past, and
still does so. Such tanks are used in many branches of engineering to store fluids. Most
frequently, these tanks are vertical, cylindrical, of circular cross-section, and they are
usually partially filled with liquids having a free surface. Most of the studies in the past
dealt with partially filled tanks consisting of either (a) a rigid tank with a flexible bottom
[1–7], or (b) a flexible shell with a rigid bottom [2, 8–14]. Many other studies deal with
circular cylindrical shells or circular plates in particular configurations; see, e.g., references
[15–31]. Bauer and Siekmann [32] studied a circular cylindrical flexible shell with a flexible
bottom; however, they considered the plate and shell not joined together, while in reality
they are. In contrast, Amabili [33] studied a tank partially filled with liquid composed of
a circular cylindrical shell and a circular bottom plate resting on an elastic foundation,
coupled together at the bottom edge by an elastic or rigid joint. The solution was reached
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by using artificial springs in the Rayleigh–Ritz method. This method was also successfully
applied by other researchers in the last few years to the study of systems that can be
modelled with simple components joined together [34–40]. However, in Amabili’s paper
[33], only bulging modes (where the tank wall oscillates, moving the liquid) are studied,
and consequently the effect of free surface waves of the liquid is neglected; in particular
a zero dynamic pressure on the free surface of the liquid was imposed.

Al-Najafi and Warburton [41] studied an empty ring-stiffened circular cylindrical shell.
Harari et al. [42] studied a stiffened and submerged cylindrical shell closed by two end
plates, but in this case the fluid around the shell was infinite, so that there was no free
surface. Moreover, in contrast to Amabili [33], they neglected the interaction between the
plates and the shell via the fluid and used the expression for the fluid load on the end plates
obtained for circular plates with a rigid extension (circular plate in an infinite baffle).

The tank investigated in the present study is partially filled with a liquid having a free
surface, and the effect of the free surface waves is taken into account, so that both bulging
and sloshing (where the amplitude of the free surface waves is larger than the wall
displacement) modes are studied. In fact, the free surface motion and oscillations of the
tank walls can be significantly coupled for some geometries; consequently, a study such
as this becomes important in some applications, e.g., propellent tanks of liquid-propellant
rockets, where very flexible structures are employed. The tank considered here is
completely flexible and composed of a vertical circular cylindrical shell with ring-stiffeners;
it has a flexible bottom, consisting of a circular plate that can be considered to rest on
an elastic Winkler foundation. The plate is joined to the shell, so that the relative rotation
at the joint is zero (see Figure 1); however, the effect of elasticity of the joint is also
investigated. The interaction between the plate and the shell via the fluid is included in
the present study, as well as the effect of the in-plane load on the bottom plate, e.g., due
to the weight of the liquid inside. Both the shell and the plate are made of linearly elastic
material and have uniform thickness, so that the classical linear theory of elasticity of
plates and shells may be utilized.

The present method is applied also to the particular cases of a flexible shell with a rigid
bottom (section 6.1) and of a rigid cylinder with a flexible bottom plate (section 6.2), in
order to compare the present computations with the experimental and theoretical data
available in the literature and to give additional results. Comparison of sloshing modes
in a flexible and a rigid tank is performed (section 6.3), as well as comparison of bulging
modes retaining or neglecting the effect of free surface waves (section 6.3). A discussion
of the accuracy of the simplified models is given. The influence of ring-stiffeners in the
modal characteristics of the vibration of the tank is also discussed (section 6.4). The
method used to obtain the solution is that of artificial springs in the Rayleigh–Ritz method,
in the case of strong fluid–structure interaction, as developed in reference [43].

2. THE EMPTY TANK

In a tank section containing the tank axis, the rotation at the plate edge is considered
joined to the rotation at the bottom edge of the shell, as discussed in references [33, 44].
Only this connection is required to study accurately lower modes of the system. The shell
and the plate are connected together by artificial rotational springs of appropriate stiffness,
continuously distributed around the circumference; the geometry of the system is shown
in Figure 1.

The joint between the plate and the shell gives a reciprocal constraint that can be
assumed to be a simple support for both the shell and the plate, the reciprocal rotation
being coupled as previously discussed. Usually, storage tanks are covered by a roof
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consisting of a top plate, sometimes supported by steel trusses. This roof is introduced in
order to guarantee that the top section of the shell remains circular and undeformed, under
the action of both static and dynamic loads, and of course to separate the internal liquid
from the exterior. In fact, this constraint gives a significant increase to the tank stiffness.
The effect of the roof can be simulated by a simple support at the top end of the shell
for all the modes of vibration without movement of the tank axis. On the other hand, for
beam-bending modes of storage tanks the cross-section of the shell remains circular but
it moves with respect to the base, so that the top plate does not constrain these modes;
hence, these modes may be studied correctly by considering a free top end of the shell.
In the present study, the shell is considered to be simply supported at both ends, so that
this model cannot be used to study the beam-bending modes. The top plate is included
in the study only as a constraint. In fact, it is not coupled to the liquid inside the tank,
and its modes are largely uncoupled with respect to the whole system, so that they are not
very interesting for the present study. However, they could be retained without
complicating significantly the present theory. Similar considerations can be made for
propellant tanks.

The joint between the ring-stiffener and the shell involves the connections of the
reciprocal transverse displacement and the reciprocal rotation in the plane of the
cross-section, with neglect of the connections in the tangential plane. However, flexural
modes of the ring are usually more important than torsional modes, so that in the present
study only the reciprocal transverse displacement of the shell and ring are considered
coupled, by introducing a distributed translational spring acting in the radial direction at
the joint cross-section. This spring is also continuously distributed along a circle. The
stiffness of this spring is chosen to be very high with respect to the stiffness of the flexible
components of the tank, in order to simulate a welded connection between the shell and
the ring. Thus, the effect of the rotation of the ring-stiffener in the plane of the cross-section
is neglected.

The circular cylindrical tank considered has radius a, height L and is conveniently
studied in the polar co-ordinates (r, u, x); the origin of the co-ordinate system is placed
at the centre of the bottom plate on the mean plane. Due to the axial symmetry of the
structure, only modes of the shell and the plate with the same number n of nodal diameters
are coupled. A nodal diameter is a diameter in the cross-section of the shell (or in the plane
of the plate) connecting points which are immobile during vibration. Besides, it is

Figure 1. Geometry of the tank and co-ordinate system.
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interesting to note that, due to axial symmetry, for each asymmetric mode (nq 0) there
exists a second mode having the same frequency and shape but angularly rotated by p/2n.

The Rayleigh–Ritz method [43, 45] is applied to find natural modes of the tank, the time
variation being assumed to be harmonic. Therefore, the mode shapes w of the shell wall
in the radial direction (see Figure 1) can be expressed as

w(x, u)= cos (nu) s
a

s=1

qsBs sin (spx/L), (1)

where n and s are the number of nodal diameters and of axial half-waves, qs are the
parameters of the Ritz expansion, and Bs is a constant depending on the normalization
criterion used. The eigenvectors of the empty simply supported cylindrical shell (also called
the shear diaphragm [46]) are used as admissible functions. Then the following
normalization is introduced,

(L/a)2 g
1

0

B2
s sin2 (spl) dl=1, (2)

where l= x/L. The integration gives

Bs =B=z2a/L. (3)

The mode shapes wP of the bottom circular plate in the transverse direction of the plate
can be given as [47]

wP (r, u)= cos (nu) s
a

i=0

q̃i [AniJn (lnir/a)+Cni In (lnir/a)], (4)

where n and i are the number of nodal diameters and circles, respectively, a is the plate
radius, q̃i are the parameters of the Ritz expansion, and lni is the well-known frequency
parameter that is related to the plate natural frequency; Jn and In are the Bessel function
and modified Bessel function of order n, respectively. In equation (4), the in vacuo
eigenfunctions of the simply supported circular plate are assumed as admissible functions.
The trial functions are linearly independent and constitute a complete set. Values of lni

for simply supported plates are given, for example, in reference [48]. To simplify the
computations, the mode shape constants, Ani and Cni , are normalized in order to have (see
equations 11.106, 33.101 and 31.101 in reference [49])

g
1

0

[AniJn (lnir)+Cni In (lnir)]2r dr

=6A2
ni

2 $(J'n (lni ))2 +01−
n2

l2
ni1 J2

n (lni )%−
C2

ni

2 $(I'n (lni ))2 −01+
n2

l2
ni1 I2

n (lni )%
+

AniCni

lni
[Jn (lni )In+1(lni )+ In (lni )Jn+1(lni )]7=1, (5)
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where r= r/a and J'n and I'n indicate the derivatives of Jn and In with respect to the
argument. The ratio of the mode shape constants for simply supported plates is

Ani /Cni =−In (lni )/Jn (lni ). (6)

In order to solve the problem, the kinetic and potential energies of the shell, plate,
ring-stiffeners, liquid, elastic foundation and coupling springs are evaluated. The reference
kinetic energy T*S [45] of the shell, neglecting the tangential and rotary inertia, is given by

T*S =
1
2

rShSB2 g
2p

0 g
L

0

w2 dx a du=
1
2

rSa hS
L
2

B2cn s
a

s=1

q2
s , (7)

where hS is the shell thickness, rS is the density of the shell material (kg/m3) and
cn = {2p for n=0, p for nq 0}. In equation (7) the orthogonality of the sine function
has been used. Similarly, the reference kinetic energy T*P of the plate is given by

T*P =
1
2

rPhP g
2p

0 g
a

0

w2
P r dr du=

1
2

rPa2hPcn s
a

i=0

q̃2
i , (8)

where hP is the plate thickness and rP is the density of the plate material (kg/m3). In
equation (8) the orthogonality of Bessel functions (plate mode shapes) has been used.

The flexural modes wR of a ring-stiffener of the circular shell are [50]

wR (u)=Gn cos (nu), (9)

and the reference kinetic energy of this element, upon neglecting the tangential inertia and
considering only the rotary inertia due to the flexural displacement, is [41]

T*R =
1
2

rRhRLR g
2p

0

[w2
R +(1wR /1u)2/a2]a du=

1
2

rRhRLRa cnG2
n (1+Kxn2/a2), (10)

where hR is the ring thickness, LR is the ring width, rR is the density of the ring material,
Kx is the second moment of area of the ring cross-section about the axis parallel to x and
through the centre of area of the cross-section, and Gn is the amplitude coefficient;
obviously, the width LR of the ring should be small.

Now it is useful to note that the maximum potential energy of each mode of the empty
shell (without the bottom plate) is equal to the reference kinetic energy of the same mode
multiplied by the circular frequency squared, v2

s , of this mode. Moreover, due to the series
expansion of the mode shape, the potential energy is the sum of the energies of each single
component mode. As a consequence, the maximum potential energy of the shell may be
expressed as

VS =
1
2

rShSa
L
2

B2cn s
a

s=1

q2
s v

2
s , (11)

where vs are the circular frequencies of the flexural modes of the simply supported shell
that can be computed by using, for example, the Flügge theory of shells [46]. Similarly,
the maximum potential energy of the plate is the sum of the reference kinetic energies of
the eigenfunctions of the plate in vacuum multiplied by ṽ2

ni , i.e.,

VP =
1
2

rPa2hPcn s
a

i=0

q2
i ṽ

2
ni =

1
2

D
a2 cn s

a

i=0

q̃2
i l

4
ni , (12)
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where the plate circular frequency ṽni is related to the frequency parameter lni by
ṽni =(l2

ni /a2)[D/(rPhP )]1/2 and D=EPh3
P /[12(1− n2

P )] is the flexural rigidity of the plate; nP

and EP are the Poisson’s ratio and Young’s modulus of the plate, respectively. Now, the
maximum potential energy of a ring stiffener associated with transverse vibrations is

VR =
1
2

rRhRLRa cnv
2
Rn

G2
n (1+Kxn2/a2), (13)

where vRn is the natural circular frequency of transverse vibration of the ring alone for
each n. This frequency can be computed by the classical bi-quadratic equation that is
reported, for example, in reference [50].

The maximum potential energy of the distributed rotational springs connecting the plate
and the shell is

VCP−S =
1
2 g

2p

0

c1$01w
1x1x=0

−01wP

1r 1r= a%
2

a du, (14)

where c1 is the spring stiffness (Nm/m). It should be noted that the sign of rotations is
attributed by considering that both w and wP are positive outside the tank (see Figure 1),
so that both displacements give a positive contribution to the increment of the angle
between the shell and the plate, which gives a compression to the rotational spring. The
rotation of the shell end at x=0 is given by

01w
1x1x=0

=
Bp

L
cos (nu) s

a

s=1

qss. (15)

The rotation of the plate edge, with a reversed sign, is

01wP

1r 1r= a

=cos (nu) s
a

i=0

q̃i
lni

a
[AniJ'n (lni )+Cni I'n (lni )]. (16)

Therefore, by using equations (14)–(16), the maximum potential energy stored in the
coupling spring is given by

VCP−S =
1
2

c1a cn6B2 p2

L2 s
a

s=1

s
a

j=1

qsqjs j+ s
a

i=0

s
a

h=0

q̃iq̃h
lni

a
lnh

a
[AniJ'n (lni )+Cni I'n (lni )]

× [AnhJ'n (lnh )+Cnh I'n (lnh )]−2B
p

L
s
a

s=1

s
a

i=0

qsq̃i s
lni

a
[AniJ'n (lni )+Cni I'n (lni )]7 . (17)
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The maximum potential energy stored in the distributed translational springs of stiffness
k1 (N/m2) simulating the junction between the shell and the ring stiffener, located at x= x*,
is

VCR−S =
1
2

k1 g
2p

0

[(w)x= x* −wR ]2a du

=
1
2

k1a cn$G2
n −2GnB s

a

s=1

qs sin (spx*/L)

+B2 s
a

s=1

s
a

j=1

qsqj sin (spx*/L) sin ( jpx*/L)% . (18)

Obviously, additional stiffeners would be considered in the same way. As a consequence
of neglecting the effect of the connection joining the rotation of the shell and the ring in
a section through the shell axis, the model is best for rings of small width, where the
reciprocal contact area is close to a circle.

The maximum potential energy stored by the Winkler elastic foundation is

VB =
1
2

k' g
2p

0 g
a

0

w2
P r dr du=

1
2

k'cna2 s
a

i=0

q̃2
i , (19)

where k' is the stiffness of the foundation (N/m3).
The effect of a constant in-plane load on the bottom plate can be included in the study

without significant complication of the solution. The maximum potential energy associated
with flexural vibrations of the bottom plate as a consequence of in-plane load is [51]

VI =
1
2

Nipl g
2p

0 g
a

0

{(1wP /1r)2 + [(1/r)(1wP /1u)]2}r dr du

=
1
2

Niplcn s
a

i=0

s
a

h=0

q̃iq̃h$lnilnh

a2 g
a

0 $AniJ'n0lni
r
a1+Cni I'n0lni

r
a1%

×$AnhJ'n0lnh
r
a1+Cnh I'n0lnh

r
a1%r dr+ n2 g

a

0 $AniJn0lni
r
a1+Cni In0lni

r
a1%

×$AnhJn0lnh
r
a1+Cnh In0lnh

r
a1% dr

r 7 , (20)

where Nipl is the in-plane load for unit length (N/m) (Nipl q 0 is traction). The influence
of the membrane stress of the shell is not taken into account in this study. This effect was
studied, for example, by Chiba [52] and Gonçalves and Ramos [14].

3. DYNAMIC BEHAVIOUR OF THE LIQUID–STRUCTURE INTERACTION

The tank is considered partially filled with an inviscid and incompressible liquid, with
a free surface orthogonal to the vertical tank axis; the free surface is at distance H from
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the bottom plate (see Figure 1). Surface tension of the liquid and hydrostatic pressure
effects are neglected in the present study.

For an incompressible and inviscid liquid the deformation potential satisfies the Laplace
equation [22, 43, 53]

92f(r, u, x)=0. (21)

The deformation potential f is related to the velocity potential f	 by

f	 (r, u, x, t)=−ivf eivt, (22)

which is assumed to be harmonic; i is the imaginary unit and v is the natural circular
frequency of vibration. The liquid deformation potential, upon using the principle of
superposition, can be divided into

f=f(1) +f(2) +f(S), (23)

where f(1) describes the velocity potential of the liquid associated with the flexible shell
considering the bottom plate as rigid, f(2) describes the velocity potential for the flexible
bottom plate considering the shell as rigid, and f(S) is due to the sloshing of the liquid in
the rigid tank.

The boundary conditions imposed to the liquid for the three complementary boundary
value problems are [22, 43, 53]

(1f(1)/1x)x=0 =0, (1f(1)/1r)r= a =w(x, u), (f(1))x=H =0, (24a–c)

(1f(2)/1x)x=0 =−wP (r, u), (1f(2)/1r)r= a =0, (f(2))x=H =0, (25a–c)

and

(1f(S)/1x)x=0 =0, (1f(S)/1r)r= a =0, g(1f/1x)x=H =v2(f)x=H . (26a–c)

By using equations (24) and (25), the linearized sloshing condition (26c) can be rewritten
as

g[1(f(1) +f(2) +f(S))/1x]x=H =v2(f(S))x=H , (27)

where g is the gravitational acceleration. It is useful to introduce the Rayleigh quotient
[22, 43] in order to determine all the terms that one must compute to obtain the solution
of the problem:

v2 =
VS +VP +VR +VCP−S +VCR−S +VI +VL

T*S +T*P +T*R +T	 *L
. (28)

The only terms that remain to be computed in equation (28) are the reference kinetic energy
of the liquid, T	 *L , and the maximum potential energy, VL , of the free surface waves of the
liquid itself. Using Green’s theorem for harmonic functions [43, 54] gives the reference
kinetic energy of the liquid inside the tank as

T	 *L =
1
2

rL gg
S

f
1f

1z
dS=

1
2

rL gg
SF

f
1f

1z
dS+T*L , (29)

where rL is the liquid mass density (kg/m3), z is the direction normal at any point on the
boundary surface S of the liquid domain and is pointed outwards, S=S1 +S2 +SF , S1
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is the shell lateral surface, S2 is the plate surface, SF is the free liquid surface, and the
simplified reference kinetic energy T*L of the liquid is

T*L =
1
2

rL gg
S1 +S2

f
1f

1z
dS=

1
2

rL gg
S1

f
1f

1r
dS−

1
2

rL gg
S2

f
1f

1x
dS

=
1
2

rL gg
S1

(f(1) +f(2) +f(S))w dS+
1
2

rL gg
S2

(f(1) +f(2) +f(S))wP dS

=T(1)
L +T(1−2)

L +T(1−S)
L +T(2−1)

L +T(2)
L +T(2−S)

L . (30)

The maximum potential energy VL of the free surface waves of the liquid is given by [22, 43]

VL =
1
2

rLg gg
SF

1f

1z
1f

1z
dS=

1
2

rLv
2 gg

SF

f
1f

1z
dS, (31)

where the second equality is obtained by using the sloshing condition, equation (26c). It
is interesting to observe that, by using equations (29) and (31), the Rayleigh quotient can
be rewritten in the following simplified formulation,

v2 =
VS +VP +VR +VCP−S +VCR−S +VI

T*S +T*P +T*R +T*L
, (32)

where the potential energy VL does not appear; also, it is not necessary to integrate the
quantity f(1f/1z) over the free surface of the liquid. In conclusion only the additional
term T*L due to the liquid must still be computed; it is divided into six terms as in equation
(30).

3.1. – 

In this section, the vibration problem of a simply supported flexible shell of a circular
cylindrical tank with a rigid base is considered. A large number of papers on the vibrations
of partially fluid-filled shells have been published, e.g., references [8–16, 19–23, 25–28, 32–
33].

The liquid deformation potential f(1) is assumed to be of the form [33]

f(1) = s
a

s=1

qsF
(1)
s . (33)

The functions F(1)
s are given by

F(1)
s (x, r, u)= s

a

m=1

Ansm In02m−1
2

p
r
H1 cos (nu) cos 02m−1

2
p

x
H1 , (34)

where Amns are coefficients depending on the integers m, n and s. Functions F(1)
s satisfy the

Laplace equation and the two boundary conditions given in equations (24b, c); the
condition given in equation (24a) is used to compute the coefficients Amns :

s
a

m=1

Ansm
(2m−1)p

2H
I'n02m−1

2
p

a
H1 cos 02m−1

2
p

x
H1=B sin 0sp x

L1 . (35)
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Equation (35) must be satisfied for all values 0E xEH. If one multiplies this equation
by cos (1

2(2j−1)(px/H)) and then integrates between 0 and H, using the well-known
properties of the orthogonal trigonometric functions, one obtains

F(1)
s = s

a

m=1

4B
(2m−1)p

ssm

In02m−1
2

p
r
H1

I'n02m−1
2

p
a
H1

cos (nu) cos 02m−1
2

p
x
H1 , (36)

where

ssm =

s
L

+(−1)m 2m−1
2H

sin 0sp H
L1

0 s2

L2 −
4m2 −4m+1

4H2 1 p

if s$ 2m−1
2

L
H

, (37a)

or

ssm =
L

2sp
if s=

2m−1
2

L
H

. (37b)

Therefore, the term T(1)
L of the reference kinetic energy of the liquid is given by

T(1)
L =

1
2

rL g
2p

0 g
H

0

(f(1))r= awa du dx

=
1
2

rLB2a cn s
a

s=1

s
a

j=1

qsqj s
a

m=1

4ssmsjm

(2m−1)p

In02m−1
2

p
a
H1

I'n02m−1
2

p
a
H1

. (38)

3.2. – 

In this section, the vibration problem of the simply supported flexible bottom plate is
studied, with the circular cylindrical shell considered to be rigid [1–7].

The liquid deformation potential f(2) is assumed to be of the form [7, 33]

f(2) = s
a

i=0

q̃iF
(2)
i . (39)

The functions F(2)
i , for axisymmetric modes (n=0), are expressed as

F(2)
i (r, u, x)=K0i0(x−H)+ s

a

k=1

K0ikJ0(o0kr/a)$cosh (o0kx/a)−
sinh (o0kx/a)
tanh (o0kH/a)% , (40)

and, for asymmetric (nq 0) modes, as

F(2)
i (x, r, u)= cos (nu) s

a

k=1

KnikJn (onkr/a)$cosh (onkx/a)−
sinh (onkx/a)
tanh (onkH/a)% , (41)
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where onk are solutions of the equation

J'n (onk )=0, k=1, . . . a, (42)

upon rejecting the first solution o=0 for n=0. Functions F(2)
i satisfy equations (21) and

(25b, c). The constants Knik are calculated in order to satisfy equation (25a). For
asymmetric modes,

s
a

k=1

KnikJn (onkr/a)
onk

a tanh (onkH/a)
= [AniJn (lnir/a)+Cni In (lnir/a)]. (43)

Equation (43) must be satisfied for all values 0E rE a. If one multiplies this equation by
(1/a2)Jn (onkr/a)r and integrates between 0 and a, then upon using the orthogonality of the
Bessel functions, this results in [7]

Knik =
(Anibnik +Cnignik )

ankonk
a tanh 0onk

H
a1 , (44)

where, by using equation (42), one has [49]

ank =
1
a2 g

a

0

J2
n0onk

r
a1r dr=

1
2

[1− (n/onk )2][Jn (onk )]2, (45)

bnik =
1
a2 g

a

0

Jn0onk
r
a1Jn0lni

r
a1r dr=

lni

o2
nk − l2

ni
J'n (lni )Jn (onk ), (46)

gnik =
1
a2 g

a

0

Jn0onk
r
a1In0lni

r
a1r dr=

lni

o2
nk + l2

ni
I'n (lni )Jn (onk ). (47)

Then, the term T(2)
L of the reference kinetic energy of the liquid is given by

T(2)
L =

1
2

rLa3cn s
a

i=0

s
a

h=0

q̃iq̃h s
a

k=1

(Anibnik +Cnignik )
ankonk

(Anhbnhk +Cnhgnhk ) tanh 0onk
H
a1.

(48)

For axisymmetric modes, equation (43) is replaced by

−K0i0 + s
a

k=1

K0ikJ00o0k
r
a1 o0k

a tanh (o0kH/a)
=$A0iJ00l0ir

a 1+C0i I00l0ir
a 1% . (49)

The constant K0i0 is given by

K0i0

2
=−

1
a2 g

a

0 $A0iJ00l0i
r
a1+C0i I00l0i

r
a1%r dr=−t0i , (50)

where [49]

t0i =$A0i

l0i
J1(l0i )+

C0i

l0i
I1(l0i )% . (51)
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The constants K0ik , for kq 0, are obtained from equation (44) computed for n=0;
therefore, for axisymmetric modes, the term T*(2)

L of the reference kinetic energy of the
liquid is given by

T(2)
L =

1
2

rLa3cn s
a

i=0

s
a

h=0

q̃iq̃h

×$2 H
a

t0it0h + s
a

k=1

(A0ib0ik +C0ig0ik )
a0ko0k

(A0hb0hk +C0hg0hk )tanh 0o0k
H
a1% . (52)

3.3. -    

In equation (30), it was shown that the simplified reference kinetic energy of the liquid
T*L is not given by the simple sum T(1)

L +T(2)
L +T(S−1)

L +T(S−2)
L , but by six terms; this is so

because of the coupling effect of the liquid. In fact, even if one eliminated the coupling
springs between the plate and the shell, these two elements would remain coupled by the
presence of the liquid within the tank. In particular, the quantity T(1−2)

L , for asymmetric
modes, is given by

T(1−2)
L =

1
2

rL gg
S1

(f(2))r= aw dS

=
1
2

rLB a2cn s
a

s=1

s
a

i=0

qsq̃i s
a

k=1

KnikJn (onk )$z(1)
nsk −

z(2)
nsk

tanh (onkH/a)% , (53)

where the constants Kink are given by equation (44) and

z(1)
nsk =

1
a g

H

0

cosh 0onk
x
a1 sin 0spx

L 1 dx

=

spa
L

−
spa
L

cos 0spH
L 1 cosh 0onk

H
a1+ onk sin 0spH

L 1 sinh 0onk
H
a1

o2
nk +

s2p2a2

L2

, (54)

z(2)
nsk =

1
a g

H

0

sinh 0onk
x
a1 sin 0spx

L 1 dx

=

−
spa
L

cos 0spH
L 1 sinh 0onk

H
a1+ onk sin 0spH

L 1 cosh 0onk
H
a1

o2
nk +

s2p2a2

L2

. (55)

The quantity T(1−2)
L , for asixymmetric modes (n=0), is given by

T(1−2)
L =

1
2

rLB a2cn s
a

s=1

s
a

i=0

qsq̃i6K0i0z
(0)
0s + s

a

k=1

K0ikJ0(o0k )$z(1)
0sk −

z(2)
0sk

tanh (o0kH/a)%7 , (56)
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where

z(0)
0s =

1
a g

H

0

(x−H) sin (spx/L) dx=
−(spa/L)H+ a sin (spH/L)

(spa/L)2 . (57)

The component T*(2−1)
L of the reference kinetic energy of the liquid is given by the following

expression for both axisymmetric and asymmetric modes:

T(2−1)
L =

1
2

rL gg
S2

(f(1))wP dS

=
1
2

rLB a2cn s
a

s=1

s
a

i=0

qsq̃i s
a

m=1

4ssm

(2m−1)pI'n02m−1
2

p
a
H1

(Anij
(1)
nim +Cnij

(2)
nim ),

(58)

where the constants sms are given by equations (37a, b), and j(i)
nim , for i=1, 2, are [49]:

j(1)
nim =

1
a2 g

a

0

In02m−1
2

p
r
H1Jn0lni

r
a1r dr

=

2m−1
2

p
a
H

02m−1
2

p
a
H1

2

+ l2
ni

Jn (lni )I'n02m−1
2

p
a
H1 , (59)

j(2)
nim =

1
a2 g

a

0

In02m−1
2

p
r
H1In0lni

r
a1r dr

=

lni In02m−1
2

p
a
H1I'n (lni )−

2m−1
2

p
a
H

In (lni )I'n02m−1
2

p
a
H1

l2
ni −02m−1

2
p

a
H1

2

. (60)

3.4.        

The liquid deformation potential f(S) due to the sloshing in a rigid tank for asymmetric
modes (ne 1) can be written in the form

f(S) = s
a

m=1

FnmJn0onm
r
a1 cosh 0onm

x
a1 cos (nu), (61)

where onm are solutions of equation (42) and Fmn are the parameters of the Ritz expansion
of the sloshing modes. The potential f(S) satisfies equations (26a, b); then the sloshing
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condition, equation (27), must be applied. Using equations (33, 34, 39–41, 61) and
eliminating cos (nu), gives

s
a

s=1

qs s
a

k=1

Znsk In02k−1
2

p
r
H1+ s

a

i=0

q̃i s
a

k=1

WnikJn0onk
r
a1

+ s
a

m=1

onm

a
FnmJn0onm

r
a1 sinh 0onm

H
a1=

v2

g
s
a

m=1

FnmJn0onm
r
a1 cosh 0onm

H
a1 , (62)

where

Znsk =−
2B
H

ssk sin 02k−1
2

p1>I'n02k−1
2

p
a
H1 , (63)

Wnik =(onk /a)Knik [sinh (onkH/a)− cosh (onkH/a)/tanh (onkH/a)]. (64)

Equation (62) must be satisfied for all 0E rE a. Therefore, by multiplying it by
(1/a2)Jn (onjr/a)r and integrating between 0 and a, the following sloshing equations are
obtained [49],

s
a

s=1

qs s
a

k=1

Znskj	 (1)
nmk + s

a

i=0

q̃iWnimanm +
onm

a
Fnmanm sinh 0onm

H
a1

=
v2

g
Fnmanm cosh 0onm

H
a1 , (65)

for m=1, . . . , a, where j	 (1)
nmk has the same definition as j(1)

nim in equation (59) but with lni

replaced by oni ; anm is defined in equation (45).
In the case of axisymmetric modes (n=0), f(S) can be written in the form

f(S) =F00 + s
a

m=1

F0mJ00o0m
r
a1 cosh 0o0m

x
a1 , (66)

and the equation of sloshing becomes

s
a

s=1

qs s
a

k=1

Z0sk I002k−1
2

p
r
H1+ s

a

i=0

q̃i s
a

k=1 $K0i0 +W0ikJ00o0k
r
a1%

+ s
a

m=1

o0m

a
F0mJ00o0m

r
a1 sinh 0o0m

H
a1=

v2

g $F00 + s
a

m=1

F0mJ00o0m
r
a1 cosh 0o0m

H
a1% . (67)
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Integrating equation (67) with respect to r dr between 0 and a one obtains

s
a

s=1

qs s
a

k=1

2Z0sk$I102k−1
2

p
a
H1>02k−1

2
p

a
H1%+ s

a

i=0

q̃iK0i0 =
v2

g
F00. (68)

Then one has the other sloshing equations for m=1, . . . , a, that are obtained by
inserting n=0 in equation (65).

3.5.        

The term T(1−S)
L of the kinetic energy of the liquid due to sloshing is

T(1−S)
L =

1
2

rL g
2p

0 g
H

0

(f(S))r= awa dx du

=
1
2

rLa2cnB s
a

s=1

s
a

m=1

qsFnmJn (onm )z(1)
nsm for ne 1 (69a)

=
1
2

rLa2c0B s
a

s=1

qs6F00
L[1−cos (spH/L)]

spa
+ s

a

m=1

F0mJ0(o0m )z(1)
0sm7

for n=0. (69b)

The term T(2−S)
L of the kinetic energy of the liquid due to sloshing is

T(2−S)
L =

1
2

rL g
2p

0 g
a

0

(f(S))x=0 wPr dr du

=
1
2

rLa2cn s
a

i=0

s
a

m=1

q̃iFnm (Anibnim +Cnignim ) for ne 1 (70a)

=
1
2

rLa2c0 s
a

i=0

q̃i$F00t0i + s
a

m=1

F0m (A0ib0im +C0ig0im )% for n=0. (70b)

4. THE EIGENVALUE PROBLEM INCLUDING THE SLOSHING CONDITION

For the numerical calculation of the natural frequencies and the parameters of the Ritz
expansion of modes, only N terms in the expansion of w, equation (1), N	 +1 terms in the
expansion of wP , equation (4), and N

1
in the expansion of f(S)(N

1
+1 in the case of

axisymmetric modes), equation (61), are considered, where N, N	 and N
1

are chosen large
enough to give the required accuracy to the solution. So, all the energies are given by finite
summations. It is convenient to introduce a vectorial notaion. The vector q of the
parameters of the Ritz expansions is defined by

Gn

{q}
g
G

G

F

f

h
G

G

J

j

q= {q̃} , (71)

{F}
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where the coefficient Gn is defined in equation (9) and

{q}= 8q1
···
qN9, {q̃}= 8q̃0

···
q̃N	 9 and {F}= 8Fn1

···
FnN	 9. (72)

For axisymmetric (n=0) modes, the coefficient F00 must also be included in the vector {F}.
The maximum potential energy of the shell, equation (11), becomes

VS = 1
2cnqTKSq. (73)

The partitioned matrix KS is

0 {0}T {0}T {0}T

{0} [ES ] [0] [0]G
G

G

K

k

G
G

G

L

l

KS = {0} [0] [0] [0]
, (74)

{0} [0] [0] [0]

where the elements of the diagonal submatrix [ES ] are given by

[ES ]sj = dsjrshSa(L/2)B2v2
s , s, j=1, . . . , N, (75)

and dsj is the Kronecker delta.
The maximum potential energy of the bottom plate, equation (12), can be written as

VP = 1
2cnqTKPq. (76)

The matrix KP is

0 {0}T {0}T {0}T

{0} [0] [0] [0]
G
G

G

K

k

G
G

G

L

l

KP = {0} [0] [EP ] [0]
, (77)

{0} [0] [0] [0]

where the elements of the diagonal submatrix [EP ] are given by

[EP ]ih = dih (D/a2)l4
ni , i, h=0, . . . ,N	 . (78)

The maximum potential energy of the ring-stiffener, equation (13), may be written as

VR = 1
2cnqTKRq. (79)

The matrix KR is

en {0}T {0}T {0}T

{0} [0] [0] [0]
G
G

G

K

k

G
G

G

L

l

KR = {0} [0] [0] [0]
, (80)

{0} [0] [0] [0]

where en = rRhRLRa v2
Rn

(1+Kxn2/a2).
The maximum potential energy stored by the rotational coupling spring that joins the

plate to the shell, equation (17), can be written as

VCP−S =
1
2cnqTKP−Sq. (81)
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The matrix KP−S is

0 {0}T {0}T {0}T

{0} [K1] [K2] [0]
G
G

G

K

k

G
G

G

L

l

KP−S = {0} [K2]T [K3] [0]
, (82)

{0} [0] [0] [0]

where the elements of the submatrices [Ki ] are given in Appendix A.
The maximum potential energy stored by the translational coupling spring that joints

the ring-stiffener to the shell, equation (18), can be written as

VCR−S =
1
2cnqTKR−Sq. (83)

The matrix KR−S is

k1a {K	 1}T {0}T {0}T

{K	 1} [K	 2 ] [0] [0]
G
G

G

K

k

G
G

G

L

l

KR−S = {0} [0] [0] [0]
, (84)

{0} [0] [0] [0]

where the elements of the vector {K	 1} and of the matrix [K	 2] are given in Appendix A.
The maximum potential energy stored by the Winkler elastic foundation, equation (19),

may be written as

VB = 1
2cnqTKBq, (85)

where

0 {0}T {0}T {0}T

{0} [0] [0] [0]
G
G

G

K

k

G
G

G

L

l

KB = {0} [0] [EB ] [0]
, (86)

{0} [0] [0] [0]

in which [EB ]= k'a[I], and [I] is the identity (N	 +1)× (N	 +1) submatrix.
The maximum potential energy stored by the bottom plate as a consequence of the

in-plane load, equation (20), is

VI = 1
2cnqTKIq, (87)

where

0 {0}T {0}T {0}T

{0} [0] [0] [0]
G
G

G

K

k

G
G

G

L

l

KI = {0} [0] [EL ] [0]
, (88)

{0} [0] [0] [0]
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and, for i, j=0, . . . , N	

[EL ]ih =Nipl
lnilnh

a2 g
a

0 $AniJ'n0lni
r
a1+Cni I'n0lni

r
a1%$AnhJ'n0lnh

r
a1+Cnh I'n0lnh

r
a1%r dr

+ n2 g
a

0 $AniJn0lni
r
a1+Cni In0lni

r
a1%$AnhJn0lnh

r
a1+Cnh In0lnh

r
a1% dr

r
. (89)

The reference kinetic energy of the shell, equation (7), and of the plate, equation (8),
may be written as

T*S = 1
2cnqTMSq, T*P = 1

2cnqTMPq, (90, 91)

respectively, where

0 {0}T {0}T {0}T 0 {0}T {0}T {0}T

{0} [HS ] [0] [0] {0} [0] [0] [0]G
G

G

K

k

G
G

G

L

l

G
G

G

K

k

G
G

G

L

l

MS = {0} [0] [0] [0]
, MP = {0} [0] [HP ] [0]

,

{0} [0] [0] [0] {0} [0] [0] [0]

(92, 93)

where [HS ]= rShSa(L/2)B2[I], [HP ]= rPhPa2[I], and [I] is the N×N identity submatrix in
MS and [I] is the (N	 +1)× (N	 +1) identity submatrix in MP .

The reference kinetic energy of the ring-stiffener, equation (10) can be written as

T*R = 1
2cnqTMRq, (94)

The matrix MR is

hring {0}T {0}T {0}T

{0} [0] [0] [0]
G
G

G

K

k

G
G

G

L

l

MB = {0} [0] [0] [0]
, (95)

{0} [0] [0] [0]

where hring = rRhRLRa(1+Kxn2/a2).

The simplified reference kinetic energy of the liquid, that was previously divided into
six different contributions in equation (30), can be written as

T*L = 1
2cnqTMLq, (96)
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where ML is a symmetric partitioned matrix of dimension (1+N+(N	 +1)+ N
1

) ×
(1+N+(N	 +1)+ N

1
):

0 {0}T {0}T {0}T

{0} [M1] [M2] [MS1]
G
G

G

K

k

G
G

G

L

l

ML = {0} [M2]T [M3] [MS2]
, (97)

{0} [0] [0] [0]

in which the elements of the submatrices [Mi ] and [MSi ] are given in Appendix B.
The sloshing condition, equation (65), is given by

{q} {q}
[[E1], [E2], [E3]] {q̃} =v2 [[0], [0], [H1]] {q̃} , (98)g

G

G

F

f
h
G

G

J

j
g
G

G

F

f
h
G

G

J

j{F} {F}

where [E1] has dimension N
1

×N, [E2] has dimension N
1

×(N	 +1) and [E3] and [H1] have
dimension N

1
× N

1
; these matrices are given by

[E1]ij = g s
a

k=1

Znjkj	 (1)
nik , i=1, . . . , N

1
and j=1, . . . ,N, (99a)

[E2]ij = gWnjiani , i=1, . . . , N
1

and j=1, . . . ,N	 +1, (99b)

[E3]ij = gdijani (oni /a) sinh (oniH/a), [H1]ij = dijani cosh (oniH/a),

i, j=1, . . . , N
1

. (99c, d)

For axisymmetric modes, the dimension N
1

of all the matrices must be changed into
N
1

+1. The additional row of the four non-zero matrices involved in the sloshing condition
for n=0 is (see equation (68))

[E1]0j =2g s
a

k=1

Z0jk I102k−1
2

p
a
H1>02k−1

2
p

a
H1 , j=1, . . . , N+1, (100a)

[E2]0j =−2gt0j , j=1, . . . , N	 +1, (100b)

[E3]0j =0, [H1]0j = d0j , j=1, . . . , N
1

+1. (100c, d)

The values of the vector q of the parameters of the Ritz expansion are determined in
order to render the Rayleigh quotient of equation (32) stationary [23, 43], by inserting in
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the eigenvalue problem also the sloshing condition that determines the value of the
coefficients Fnm [14, 43]; then the following Galerkin equation is obtained:

en + k1a {K	 1}T {0}T {0}T

{K	 1} [ES ]+ [K1]+ [K	 2 ] [K2] [0]
G
G

G

K

k

G
G

G

L

l
{0} [K2]T [EP ]+ [K3]+ [EB ]+ [EL ] [0]

q

{0} [E1] [E2] [E3]

hring {0}T {0]T {0}T

{0} [HS ]+ [M1] [M2] [MS1]
G
G

G

K

k

G
G

G

L

l

−L2

{0} [M2]T [HP ]+ [M3] [MS2] q=0. (101)

{0} [0] [0] [H1]

Here L is the circular frequency of the tank partially filled with liquid. Equation (101) gives
a linear eigenvalue problem for a real, non-symmetric matrix.

5. PRESSURE DISTRIBUTION AND WAVE HEIGHT

The pressure exerted by the liquid at a point of the tank wall can be computed by using
the linearized Bernoulli equation:

(p)point =−rL (1f	 /1t)point = rLv
2(f)point eivt. (102)

This relation allows one to compute the pressure load on the tank wall as a consequence
of the sloshing of the liquid inside due to an excitation (e.g., an earthquake or acceleration
of a rocket) or due to vibrations. It is also of interest to compute the height of the free
surface waves of both sloshing and bulging modes and to compare them to the wall
displacements. When the eigenvalue problem is solved and the wall relative displacements
are obtained, it is only necessary to compute the function [1]

h(t)=−(1/g)(1f	 /1t)x=H =(v2/g)(f(S))x=H eivt =[(1f)/(1x)]x=H eivt (103)

to obtain the relative displacement h of the free surface. As a consequence of the linearized
free surface boundary condition (26c) used, only small amplitude waves can correctly be
studied.

6. NUMERICAL RESULTS AND DISCUSSION

Numerical results are carried out by solving numerically the eigenvalue problem and
using the computer software Mathematica [55]. The results obtained are compared to the
sloshing circular frequencies in the rigid tank computed by using the formula [1]

v2 = g(onm /a) tanh (onmH/a), (104)

and to the bulging frequencies computed when neglecting free surface waves and imposing
f=0 at the free surface, obtained by Amabili [7, 33]. Equation (104) can easily be
obtained by substituting equation (61) into the sloshing condition, equation (26c).

6.1.     

The first case studied is that of a simply supported circular cylindrical shell closed by
a rigid bottom and partially filled with water having a mass density rL =1000 kg/m3. It
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T 1

Circular frequencies (rad/s) of sloshing modes of the shell with rigid bottom, filled with water
to H=21·6 m; axisymmetric modes (n=0)

Present study Present study Gupta and
Mode Flexible shell Rigid tank Kondo [8] Hutchinson [10]

1 1·2244 1·2246 1·2238 1·2244
2 1·6591 1·6592 1·6582 1·6591
3 1·9980 1·9980 1·9969 1·9979
4 2·2865 2·2865 2·2853 2·2864
5 2·5422 2·5423 2·5409 2·5422

T 2

Circular frequencies (rad/s) of bulging modes of the shell with rigid bottom, filled with water
to H=21·6 m; axisymmetric modes (n=0)

Present study Neglecting free Gupta and
Mode Flexible shell Kondo [8] surface waves [33] Hutchinson [10]

1 22·244 22·096 22·228 22·349
2 44·010 43·762 44·004 44·170
3 57·191 56·829 57·187 58·244
4 67·291 66·888 67·288 69·513
5 75·850 75·347 75·847 79·189

T 3

Circular frequencies (rad/s) of sloshing and bulging modes of the shell with rigid bottom, filled
with water to H=21·6 m; modes with four nodal diameters (n=4)

Sloshing modes Bulging modes
ZXXXXXXXCXXXXXXXV ZXXXXXXXCXXXXXXXV

Present study Present study Present study Neglecting free
Mode Flexible shell Rigid tank Flexible shell surface waves [33]

1 1·4425 1·4444 13·658 13·640
2 1·9081 1·9085 34·441 34·434
3 2·2305 2·2308 49·692 49·688
4 2·5027 2·5029 61·877 61·874
5 2·7444 2·7445 71·804 71·802

is clear that to simulate a simple support at the shell-plate joint, it is necessary to use a
stiffness c1 =0 of the rotational coupling spring. Solutions for this particular case are
obtained from the global eigenvalue problem while using a very high stiffness of the bottom
plate; no shell stiffeners are considered in this case. In order to also have a comparison
with results published by others, the following dimensions and material properties of the
shell are taken: radius a=25 m, shell height L=30 m, water depth H=21·6 m, shell
thickness hS =0·03 m; the shell considered is made of a steel with: Young’s modulus
E=206 GPa, mass density rS =7850 kg/m3 and Poisson’s ratio n=0·3. The Flügge shell
theory is applied to find the natural frequencies of the empty shell.
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In Table 1 the sloshing (where the displacement is mainly that of the free surface)
frequencies of axisymmetric modes (n=0) are given and compared to those obtained by
Kondo [8] and Gupta and Hutchinson [10] for the same shell, and to the results obtained
when assuming the shell to be rigid and using equation (104). In Table 2 the bulging (where
the shell wall moves the liquid) frequencies of axisymmetric modes (n=0) are given and
compared to the results obtained by Kondo [8] and Gupta and Hutchinson [10] for the
same shell, as well as to the results obtained by Amabili [30] when neglecting the influence

T 4

Natural frequencies (Hz) of bulging modes of the cylinder of Gonçalves and Ramos [14] empty
and completely filled with water; only the first mode for each number n of nodal diameters

is reported

Empty Water-filled
ZXXXXXXXXCXXXXXXXXV ZXXXXXXXXCXXXXXXXXV

Present Reference Experiment Present Theory Experiment
study [14] reference study reference [14] reference

n (Flügge) (Sanders) [14] (Flügge) (Sanders) [14]

8 278·8 281·4 278 117·2 119 120
9 286·1 288·3 290 125·9 128 124

10 315·5 317·5 334 144·6 146 146
11 360·3 362·2 362 171·2 173 182

T 5

Natural circular frequencies (rad/s) of sloshing and bulging axisymmetric modes (n=0) of
the clamped bottom plate with hP =6·604 mm, D=1810·75 N m in a rigid cylinder

water-filled to H=0·0635 m

Sloshing modes Bulging modes
ZXXXXXXXXCXXXXXXXXV ZXXXXXXXCXXXXXXXV
Present study Bhuta and Present study Present study Neglecting free

Mode Flexible plate Koval [1] Rigid tank Flexible plate surface waves [7, 33]

1 2·300 2·299 2·367 31·03 29·19
2 4·263 4·262 4·274 115·0 114·5
3 6·067 6·066 6·070 260·2 260·0
4 7·741 7·739 7·742 469·6 469·5
5 9·280 9·278 9·281 748·3 748·2

T 6

Natural circular frequencies (rad/s) of sloshing and bulging axisymmetric modes (n=0) of
the clamped bottom plate with hP =6·604 mm, D=5432·44 N m in a rigid cylinder

water-filled at H=0·0635 m

Sloshing modes Bulging modes
ZXXXXXXXXCXXXXXXXXV ZXXXXXXXCXXXXXXXV
Present study Bhuta and Present study Present study Neglecting free

Mode Flexible plate Koval [1] Rigid tank Flexible plate surface waves [7, 33]

1 2·342 2·342 2·367 49·02 47·87
2 4·270 4·269 4·274 188·6 188·3
3 6·069 6·068 6·070 428·2 428·1
4 7·742 7·740 7·742 774·2 774·1
5 9·280 9·278 9·281 1235 1235
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Figure 2. Natural frequency of the first axisymmetric (n=0) sloshing mode of the plate with D=1810·75 N m
versus the filling ratio H/a. ——, Flexible bottom; - - - , rigid tank.

of the free surface waves: that is, assuming f=0 at the free water surface. It is interesting
to note that the present results are very close to those obtained by Kondo [8] who has
included the free surface waves effect in his theory (it is also observed that not all the
signficant figures reported by Kondo could be truly significant, as verified by comparing
the present results to those reported in reference [8] for the simple case of sloshing in a
rigid tank; moreover Kondo used the Goldenveizer theory of shells). However, the present
results are also very close to those obtained by using equation (104) for sloshing modes
or neglecting the free surface waves, as reported by Amabili [33]. Moreover, the agreement
with the results obtained by Gupta and Hutchinson [10] by using approximate formulae
based on variational principles is remarkable.

Figure 3. Natural frequency of the first axisymmetric (n=0) bulging mode of the plate with D=1810·75 N m
versus the filling ratio H/a. ——, Present theory; - - - - , neglecting free surface waves.
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Figure 4. Natural frequency of the first three sloshing modes with four nodal diameters (n=4) of the plate
with D=1810·75 N m versus the filling ratio H/a.

In Table 3 the sloshing and bulging modes for n=4 of the same shell are reported and
compared to the results of equation (104) and to the results obtained when neglecting free
surface waves, respectively. In this case differences still remain very small, but they are
more significant than for axisymmetric modes (n=0). It was found that for a very low
filling ratio (e.g., H=1 m) these differences become negligible. However, what is observed
in many cases is that the natural frequencies of the sloshing modes in a rigid shell are higher
than those in a flexible shell. The natural frequencies of bulging modes when neglecting
the free surface waves (f=0) are lower than those when this effect is included; in fact,
when one assumes f=0 at the free surface, a stronger constraint is imposed on liquid

Figure 5. Natural frequency of the first three bulging modes with four nodal diameters (n=4) of the plate
with D=1810·75 N m versus the filling ratio H/a.
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Figure 6. Axisymmetric sloshing modes (n=0) of the free surface (——) and bottom plate (- - -), for
D=1810·75 N m and H=0·0635 m. Both the displacements are measured with respect to the horizontal line.
(a) First mode, natural frequency 0·366 Hz; (b) second mode, natural frequency 0·679 Hz.

movement with respect to the sloshing condition, so that the added mass of the liquid when
neglecting the free surface effect is larger. Moreover, it was observed that differences
between sloshing and bulging modes computed by using simplified theories (e.g., equation
(104) or neglecting the free surface waves) and by using the present theory decrease with
the number of axial half-waves for each value of n.

Numerical results were also obtained for the simply supported cylinder with a rigid
bottom, partially filled with water, studied by Gonçalves and Ramos [14]; they used the
Sanders theory of shells instead of the Flügge theory, taking free surface waves into
account; experimental results are also available. The following dimensions and material
properties of the shell are taken: a=0·3015 m, L=H=0·41 m, hS =0·001 m,
E=210 GPa, rS =7850 kg/m3 and n=0·3. The comparison of the bulging frequencies
obtained by the present study with experimental and numerical results reported in
reference [14] is made in Table 4. Agreement in this case is also quite good.
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6.2.      

The second special case that can be studied by using the present theory is that of a
vertical tank comprising a rigid cylinder and a flexible, circular bottom plate; neither
in-plane loading nor an elastic foundation are considered in this section. The following
dimensions and material properties of the plate are assumed: a=1·27 m, hP =6·604 mm,
H=0·0635 m, rP =3656 kg/m3. The liquid inside the tank is water (rL =1000 kg m−3).
These parameters correspond to the case studied by Bhuta and Koval [1]. The results for
the axisymmetric modes (n=0) of the clamped plate in Tables 5 and 6 compare favourably
with the data obtained by Bhuta and Koval [1]; comparison with circular frequencies of
sloshing in a rigid tank is also given. In Table 5 the plate considered has a flexural stiffness
D=1810·75 N m, while in Table 6 the flexural stiffness is increased about three times to
D=5432·44 N m. Bulging modes obtained when taking into account or neglecting the free
surface waves are also given for the two cases. In Table 5 both the first sloshing and the
first bulging modes show a significant change in natural frequency with respect to the
results of approximate methods. This difference decreases in Table 6, as a consequence of
the bottom plate having a larger flexural rigidity. However, differences between the first
bulging mode computed when neglecting or accounting for the effect of the free surface
waves are still quite significant in Table 6, despite the flexural rigidity of the plate having
been increased.

In Figures 2 and 3 the effect of the filling ratio H/a on the natural frequencies of the
first axisymmetric (n=0) sloshing and bulging mode, respectively, is investigated for the
plate with D=1810·75 N m. The results obtained for the first sloshing mode in a tank with

Figure 7. Axisymmetric bulging modes (n=0) of the free surface (——) and bottom plate (- - -), for
D=1810·75 N m and H=0·0635 m. (a) First mode, natural frequency 4·94 Hz; (b) second mode, natural
frequency 18·3 Hz; (c) third mode, natural frequency 41·4 Hz; (d) fourth mode, natural frequency 74·7 Hz.
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Figure 8. Axisymmetric bulging modes (n=0) of the free surface (——) and bottom plate (- - -), for
D=1810·75 N m and H=0·253 m. (a) First mode, natural frequency 2·84 Hz; (b) second mode, natural
frequency 11·7 Hz; (c) third mode, natural frequency 29·2 Hz; (d) fourth mode, natural frequency 57·6 Hz.

a flexible bottom are shown in Figure 2, and they are compared to those of a tank with
a rigid bottom; similarly the results for the first bulging mode are compared in Figure 3
to those obtained when neglecting the free surface waves. It is shown that in both cases,
the approximate results are not too far from those of the more refined theory. It is
interesting to see that the differences between the approximate and exact results decrease
as the filling ratio increases.

Similar results are shown in Figures 4 and 5 for modes having four nodal diameters
(n=4). In this case the first three sloshing and bulging modes are considered and the
comparison with approximate results is not reported because the differences are then very
small. Numerical results for asymmetric modes seem not to be available in the literature,
so that these results may be considered quite interesting.

In Figures 6–8, the axisymmetric (n=0) mode shapes of both the bottom plate and the
free surface are plotted along a radius, so that the relative amplitudes can be compared
for each mode. Such data also is not available in the literature. In particular, in Figures
6 and 7 the sloshing and bulging modes, respectively, of the plate with flexural stiffness
D=1810·75 N m are shown for a filling height H=0·0635 m. The first sloshing mode
shows that a significant displacement of the bottom plate is associated with the movement
of the free surface; but already the second mode shows a negligible displacement. On the
contrary, a movement of the free surface comparable to that of the plate is observed for
bulging modes; however, the possibility of the free surface following the bottom
displacement decreases with mode number and with filling ratio. This last fact is made clear
by Figure 8, which shows bulging modes of the same plate for an increased water height
of H=0·253 m.
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T 7

Natural frequencies (Hz) of bulging axisymmetric modes (n=0) of the clamped bottom plate
with hP =2 mm in a partially water-filled rigid cylinder

H/a=0·5 H/a=1
ZXXXXXXXCXXXXXXXV ZXXXXXXXCXXXXXXXV

Mode Present study Chiba [5] Present study Chiba [5]

1 118 114 95 91
2 568 538 540 513
3 1466 1424 1441 1402

A comparison is then given with respect to the theoretical results of Chiba [5] for bulging
modes of a circular bottom plate clamped to a rigid circular cylindrical shell. Chiba’s
results were obtained by considering the static deflection as well as in-plane forces in the
bottom plate due to the liquid weight; in the present results these effects are neglected.
However, constant in-plane forces can easily be considered in the present analysis by using
equations (87) and (88). The plate dimensions are: a=0·144 m, hP =2 mm and the plate
material is a steel, with E=206 GPa, rP =7850 kg/m3 and n=0·25 [5]. The natural
frequencies of axisymmetric bulging modes (n=0) are compared in Table 7 and good
agreement is obtained. It must be noted that for this case the effect of the in-plane forces
and static deflection is not very signficant; however, for other cases studied by Chiba [5],
where plates are very thin, these effects are important.

A further satisfactory comparison is given in Figure 9 with the experimental bulging
modes obtained by Amabili and Dalpiaz [56] for a simply supported steel plate having the
following characteristics: hp =3 mm, a=0·1 m, E=206 GPa, rP =7800 kg/m3 and
n=0·3. The modes having no nodal diameter (n=0) and zero (excluding the edge) inner

Figure 9. Ratio between the natural frequency of the bottom plate in a partially water-filled tank with rigid
shell, fL , and the frequency of the same plate in vacuum, fV , versus the filling ratio H/a. Comparison of the
present theoretical results (——) with the experiments (w, R) of Amabili and Dalpiaz [56] for a simply supported
circular plate.
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T 8

Natural frequencies (Hz) of the first three sloshing and bulging modes having n=4 nodal
diameters of the flexible tank studied in section 7.3 for H=0·5 m and n=4; they are
obtained by using a different number of terms N=N	 +1= N

1
in the expansions of w, wP

and f(S)

Sloshing Bulging
Number ZXXXXXXXCXXXXXXXV ZXXXXXXXCXXXXXXXV
of terms 1st mode 2nd mode 3rd mode 1st mode 2nd mode 3rd mode

2 1·004 1·347 — 25·83 77·24 244
4 1·004 1·347 1·575 22·46 52·98 83·08
6 1·004 1·347 1·575 20·89 48·94 83·02
8 1·004 1·347 1·575 19·86 46·72 82·94

10 1·004 1·347 1·575 19·19 45·45 82·92

circles (m=0) and one nodal diameter and zero nodal inner circle (n=1 and m=0) are
considered for different levels of water inside the tank. In Figure 9 the quantity fL is the
natural frequency with liquid inside, whereas fV is the natural frequency in vacuo.

It is of interest to observe that the conditions of a rigid shell can be obtained by the
present theory by giving a very high value to the Young’s modulus of the shell (E:a).

6.3.     

In this section, the tank considered is made up of a flexible shell with a flexible bottom;
i.e., both components are flexible. No ring stiffeners are considered here. The following
dimensions and material properties are taken: a=1·27 m, L=1 m, hP =6·604 mm,
hS =3 mm, rP = rS =3656 kg/m3, E=68·65 GPa and n=0·3 The same material
(aluminium) is assumed for the shell and the bottom plate. The dimensions and material
of the bottom plate correspond to the case studied by Bhuta and Koval [1], and also
studied in section 6.2, for D=1810·75 N m, but now with the shell also flexible. No other

Figure 10. Natural frequencies of sloshing modes of the flexible tank studied in section 6.3 for H=0·5 m as
a function of the number of nodal diameters n. –q–, First mode; –e–, second mode; –r–, third mode; –×–,
fourth mode; –+×–, fifth mode.
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Figure 11. Natural frequencies of bulging modes of the flexible tank studied in section 6.3 for H=0·5 m as
a function of the number of nodal diameters n. P=plate-dominant modes; S=shell-dominant modes. –q–,
First P mode; –e–, second P mode; –r–, third P mode; –×–, fourth P mode; –+×–, fifth P mode; - -Q- -, first
S mode; - -E- -, second S mode.

Figure 12. Mode shapes of the first six bulging modes of the flexible tank studied in section 6.3 for H=0·5 m
and n=4: - - -, moving free surface. (a) First P mode, frequency 19·2 Hz; (b) second P mode, frequency 45·5 Hz;
(c) first S mode, frequency 82·9 Hz; (d) third P mode, frequency 84·1 Hz; (e) fourth P mode, frequency 134 Hz;
(f) second S mode, frequency 167·8 Hz.
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Figure 13. Mode shapes of the first six bulging modes of the flexible tank studied in section 6.3 for H=0·5 m
and n=5: - - -, moving free surface. (a) First P mode, frequency 26·8 Hz; (b) second P mode, frequency 58·7 Hz;
(c) first S mode, frequency 71·9 Hz; (d) third P mode, frequency 102·9 Hz; (e) fourth P mode, frequency 156·6 Hz;
(f) second S mode, frequency 164·7 Hz.

theoretical results are available for this kind of tank, excluding those obtained by Amabili
[33, 43], but only for bulging modes and with the effect of free surface waves neglected.

Initially a water height H=0·5 m is considered. Table 8 shows the convergence of the
method as the number of terms in the series expansions is increased; it is seen that ten terms
give sufficient accuracy for this application. It was also observed that more terms are
necessary to describe accurately the plate dynamics with respect to the terms necessary for
the shell. However, for low liquid levels and in case of some shell stiffeners, more terms
could be necessary to describe the shell dynamics. In Figures 10 and 11 the natural
frequencies of sloshing and bulging modes, respectively, are plotted versus the number of
nodal diameters n. It is interesting that, even though we are studying a completely flexible
structure, it is still possible to recognize modes dominated by the plate displacement (P)
or by the shell displacement (S). This is well illustrated in Figure 12 where the shapes of
bulging modes with four nodal diameters (n=4) are represented in a cross-section. In
Figure 12(a, b, e) are shown plate-dominant modes, while in Figure 12(f) is plotted a
shell-dominant mode. In Figure 12(c, d) are seen modes where the vibration amplitude of
the shell has nearly the same magnitude as that of the plate. However, one can say that
in Figure 12(c) one has a mode that is ‘‘derived from’’ a mode of the shell, while in
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Figure 14. Effect of the coupling spring stiffness c1 on the natural frequencies of bulging modes of the flexible
tank studied in section 6.3 for H=0·5 m and n=4. –Q–, First P mode; –E–, second P mode; –R–, third P
mode; –w– first S mode.

Figure 12(d) the mode is derived from the plate. In Figure 12 the displacement of the free
surface is given in the same scale as that of the wall displacement.

Figure 13 gives the shapes of bulging modes with five nodal diameters (n=5). In this
case one has antisymmetric shapes in a cross-section as a consequence of n being odd, while
for n even one has symmetric shapes, as in Figure 12.

The effect of the stiffness of the rotational spring c1, used to model the joint between
the plate and the shell, on the natural frequencies of bulging modes for H=0·5 m and
n=4 is illustrated in Figure 14. It is interesting to see that a stiffness c1 =106–107 well
simulates zero relative rotation between the plate and the shell (in the previous numerical
computations c1 =5×106 had been assumed). The minimum value of c1 that assures a
rigid connection between plate and shell depends on the rigidity of plate and shell, so that
it is different for any given application. In Figure 15 the natural frequencies of bulging
modes for H=0·5 m and n=4 are plotted versus the stiffness k' of the elastic foundation.
Figure 15 shows that plate-dominant modes are more sensitive to k', as expected. Sloshing
modes are not very sensitive to changes in c1 and k' in this case.

The numerical relevance of the coupling between the plate and the shell via the water
is illustrated in Table 9, showing differences of a few percent for some modes. However,
for bulging modes, the coupling effect via the liquid seems to be more significant than the
effect of free surface waves, for a sufficient liquid level. Results in Table 9, obtained when
neglecting the coupling via the liquid medium, have been computed by imposing
[M2]= [M2]T = 0 in equations (97, 101).

In Table 10 a comparison of results (bulging modes) of the present study is made with
those obtained when (i) neglecting the effect of the free surface waves, (ii) considering the
bottom plate rigid and the shell flexible, and (iii) considering the bottom plate flexible and
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Figure 15. Effect of the foundation stiffness k' on the natural frequencies of bulging modes of the flexible tank
studied in section 6.3 for H=0·5 m and n=4. –Q–, First P mode; –E–, second P mode; –R–, third P mode;
–w– first S mode.

the shell rigid; in cases (ii) and (iii) the effect of free surface waves was retained. It is evident
that, for the tank studied, good accuracy is obtained only by considering both components
(base plate and shell) flexible. The approximation of rigid base plate commonly used in
practice is accurate only for a very rigid base plate or a base plate on rigid foundation.
In the case of a rigid bottom plate, the effect of the spring stiffness c1 is very important;
in fact it changes the boundary condition of the shell at the base from simply supported
(c1 =0) to clamped (c1:a). For all the data presented in Table 10, c1 =5×106 was taken.

T 9

Natural frequencies (Hz) of bulging modes of the flexible tank studied
in section 6.3 for H=0·5 m and n=4; comparison of results of the
present study with those obtained neglecting the coupling between the

plate and the shell via the water

Neglecting coupling
Mode Present study via water

1 19·19 19·07
2 45·45 44·86
3 82·92 78·93
4 84·07 86·28
5 134·00 131·40
6 167·80 166·80
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T 10

Natural frequencies (Hz) of bulging modes of the flexible tank studied in section 6.3 for
H=0·5 m and n=4; comparison of results of the present study with those obtained when
(i) neglecting the effect of the free surface waves, (ii) considering the bottom plate rigid and

the shell flexible, (iii) considering the bottom plate flexible and the shell rigid

Neglecting free
Mode Present study surface waves Rigid bottom Rigid shell

1 19·19 19·19 — 21·69
2 45·45 45·45 — 50·99
3 82·92 82·92 83·74 —
4 84·07 84·07 — 93·36
5 134·00 134·00 — 149·85
6 167·80 167·80 169·90 —

In this case, the frequencies of sloshing modes are not significantly affected by tank
flexibility and hence data are not reported here.

A water height H=0·15 m is considered next. The natural frequencies computed by
using the present theory are compared to those obtained for sloshing in a rigid tank or
neglecting the effect of free surface waves in Table 11. It is interesting to see that for this
configuration no significant differences are found. The shapes of bulging modes with four
nodal diameters (n=4) are drawn in Figure 16 for this water height and can be compared
to those shown in Figure 12. As a consequence of the decreased water level, the shell
displacement is small for the lowest modes.

6.4.     

For the sake of simplicity, in this section numerical results are given only for tanks with
one stiffener. The same tank as studied in section 6.3 is considered. The ring stiffener has
the same radius as the tank, a thickness of 0·05 m, a width of 0·03 m and is made of steel
having the following characteristics: ER =206 GPa, rR =7850 kg/m3 and nR =0·3. The
first six mode shapes are shown in Figure 17 for H=0·5 m, x*=0·5 m and n=4; they
can be compared to those in Figure 12 for the same tank and water level, but without the
stiffener. It is interesting to note that shell-dominant modes experience significant

T 11

Natural frequencies (Hz) of sloshing and bulging modes of the flexible tank studied in section
6.3 for H=0·15 m and n=4; comparison of results of the present study with those obtained

for sloshing in a rigid tank or neglecting the effect of free surface waves

Bulging modes
Sloshing modes ZXXXXXXXCXXXXXXXV

ZXXXXXXCXXXXXXV Neglecting free
Mode Present study Rigid tank Present study surface waves

1 0·7605 0·7611 22·94 22·92
2 1·204 1·205 49·72 49·71
3 1·498 1·498 87·52 87·52
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Figure 16. Mode shapes of the first six bulging modes of the flexible tank studied in section 6.3 for H=0·15 m
and n=4: - - -, moving free surface. (a) First P mode, frequency 22·94 Hz; (b) second P mode, frequency
49·72 Hz; (c) third P mode, frequency 87·52 Hz; (d) fourth P mode, frequency 137·3 Hz; (e) fifth P mode,
frequency 198·8 Hz; (f) first S mode, frequency 254·8 Hz.

modifications in shape and minor changes in frequency, while plate-dominant modes are
very little affected by the presence of the stiffener.

The percentage change of natural frequencies as a result of the introduction of the ring
stiffener is shown in Figure 18 plotted versus the ring position x*. The first shell-dominant
mode is greatly affected by the introduction of one stiffener, and its natural frequency can
be significantly increased. Plate-dominant modes are mainly affected by a stiffener located
very close to the base. Similar graphs are very useful for the design of tanks and for
choosing the best position of the stiffener(s) from a dynamic point of view.

7. CONCLUSIONS

A new and versatile theory has been presented for the dynamics of cylindrical shell-tanks
with a flexible bottom and ring stiffeners. Unlike in other extant theories, neither the
bottom plate nor the tank itself are considered to be rigid, and free surface waves are taken
into account, so that both bulging and sloshing modes of the system may be calculated.
The first set of calculations conducted was for the purpose of validation of the theory,
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Figure 17. Mode shapes of the first six bulging modes of the studied flexible tank with a stiffener for H=0·5 m,
x*=0·5 m and n=4: - - -, moving free surface; W, location of the stiffener. (a) First P mode, frequency 19·2 Hz;
(b) second P mode, frequency 45·5 Hz; (c) third P mode, frequency 83·6 Hz; (d) first S mode, frequency 88·7 Hz;
(e) fourth P mode, frequency 134 Hz; (f) second S mode, frequency 168·2 Hz.

e.g. by considering either the bottom plate or the shell to be rigid. The validation, by
comparing the available results in the literature, having been successfully accomplished,
attention was then focused on cases where all components are flexible and free surface
effects accounted for, so that the effects of various factors on the dynamics may be assessed.

The influence of the tank flexibility on the sloshing modes largely depends on the
geometry of the system and the elastic properties of the tank material. However, a
significant effect was observed only for very flexible tanks. More pronounced differences
in sloshing frequencies of flexible and rigid tanks were observed for low liquid levels, as
a consequence of the influence of the elasticity of the bottom plate.

Bulging modes are due to the elasticity of the tank, so that they are directly related to
the flexibility of the shell and the base plate. It was shown that, when the shell and base
plate have natural frequencies not too far from each other, global modes of the system
must be studied. Storage tanks often have the bottom plate resting on a quite rigid elastic
foundation, so that natural frequencies of the plate are increased. This effect was
investigated also. When the base plate can be assumed rigid in the analysis, the present study
has the advantage that a different rotational spring stiffness at the bottom edge of the shell
can be assumed. Therefore, all the boundary conditions comprised between a simply
supported and clamped bottom edge can be investigated by using the same model.
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Figure 18. Percentage change of natural frequencies of the tank with one stiffener vis à vis the same tank
without the stiffener versus the stiffener position x*, for H=0·5 m and n=4. - -q- -, First P mode; - -e- -,
second P mode; –Q–, first S mode; - -r- -, third P mode; –E–, second S mode.

Bulging modes are influenced by the free surface waves; also, in this case their effect is
related to the geometry and materials of the system. Natural frequencies computed while
taking into account free surface waves are higher vis à vis those obtained when imposing
a zero dynamic pressure on the undisturbed free surface. In fact, the last condition gives a
greater constraint to liquid movement, so that it overestimates the hydrodynamic mass
of the system. However, for many applications the simplified free surface condition can be
applied, with sufficiently accurate results.

Mode shapes of both the tank walls and free surface were shown together in order to
evaluate the relative amplitudes. Interestingly, significant displacement of the free surface
is also associated with bulging modes.

Ring stiffeners largely influence bulging modes of the tank; in particular, modes having
a prevalent displacement of the bottom plate are greatly affected by a stiffener placed near
the bottom end of the shell, while modes having a prevalent displacement of the shell are
mainly affected by a stiffener placed away from the shell ends.
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APPENDIX A: SPRING MATRICES KP−S AND KR−S

In this appendix, the partitioned spring matrix KP−S , equation (82), is given in detail.
The elements of the spring submatrix [K1] of dimension N×N are given by

[K1]sj = c1aB2(p2/L2)s j, for s, j=1, . . . , N. (A1)

The elements of the spring submatrix [K2] of dimension N×(N	 +1) are given by

[K2]si =−c1B(p/L)slni [AniJ'n (lni )+Cni I'n (lni )],

for s=1, . . . , N and i=0, . . . , N	 . (A2)

The elements of the spring submatrix [K3] of dimension (N	 +1)× (N	 +1) are given by

[K3]ih = c1(lnilnh /a)[AniJ'n (lni )+Cni I'n (lni )][AnhJ'n (lnh )+Cnh I'n (lnh )],

for i, h=0, . . . , N	 . (A3)

Next, the elements of the partitioned matrix KR−S , equation (84), are given by

{K	 1}j =−k1aB sin ( jpx*/L), for j=1, . . . , N, (A4)

[K	 2]sj = k1aB2 sin (spx*/L) sin ( jpx*/L), for s, j=1, . . . , N. (A5)

APPENDIX B: MATRIX ML FOR PARTIALLY-FILLED TANKS

In this appendix the elements of the partitioned matrix ML , equation (97), describing
the inertial effect of the liquid inside the tank, are given. The elements of the submatrix
[M1] of dimension N×N are given by

[M1]sj = rLaB2 s
a

m=1

4ssmsjm

(2m−1)p

In02m−1
2

p
a
H1

I'n02m−1
2

p
a
H1

, for s, j=1, . . . , N, (B1)

where ssm are defined in equations (37a, b). The elements of the submatrix [M2] of
dimension N×(N	 +1) are given by

[M2]si =
1
2

rLa2B6 s
a

k=1

KnikJn (onk )$z(1)
nsk −

z(2)
nsk

tanh (onkH/a)%
+ s

a

m=1

4ssm

(2m−1)pI'n02m−1
2

p
a
H1

(Anij
(1)
nim +Cnij

(2)
nim )7 ,

for s=1, . . . , N and i=0, . . . , N	 , (B2)
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where Knik , z(1)
nsk , z(2)

nsk , j(1)
nim , and j(2)

nim are defined in equations (44), (54), (55), (59) and (60),
respectively. The elements of the submatrix [M3] of dimension (N	 +1)× (N	 +1) are given
by

[M3]ih = rLa3 s
a

k=1

(Anibnik +Cnignik )
ankonk

(Anhbnhk +Cnhgnhk ) tanh 0onk
H
a1 ,

for i, h=0, . . . ,N	 . (B3)

The elements of the submatrix [MS1] of dimension N× N
1

are (see equation (69))

[MS1]sm = rLa2BJn (onm )z(1)
nsm , for s=1, . . . , N and m=1, . . . ,N

1
, (B4)

and the elements of the submatrix [MS2] of dimension (N	 +1)× N
1

are (see equation (70))

[MS2]im = rLa2(Anibnim +Cnignim ), for i=1, . . . , N	 +1

and m=1, . . . , N
1

, (B5)

where bnim and gnim are defined in equations (46) and (47), respectively.
For axisymmetric modes (n=0) the submatrix [M1] is unchanged; on the contrary, one

has

[M2]si =
1
2

rLa2B6K0i0z
(1)
0s s

a

k=1

K0i0J0(o0k )$z(1)
0sk −

z(2)
0sk

tanh (o0kH/a)%
+ s

a

m=1

4ssm

(2m−1)pI'002m−1
2

p
a
H1

(A0ij
(1)
0im +C0ij

(2)
0im )7 ,

for s=1, . . . , N and i=0, . . . , N	 , (B6)

[M3]ih = rLa3$2 H
a

t0it0h + s
a

k=1

(A0ib0ik +C0ig0ik )
a0ko0k

(A0hb0hk +C0hg0hk ) tanh 0o0k
H
a1% ,

for i, h=0, . . . , N	 . (B7)

Moreover, for axisymmetric modes the additional column of the matrices [MS1] and [MS2]
is

[MS1]s0 = rLa2B
L[1−cos (spH/L)]

spa
, for s=1, . . . , N, (B8)

[MS2]i0 = rLa2t0i , for i=1, . . . , N	 +1. (B9)


